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Abstract
We describe a mechanism for localising branes in ambient space. When a 3-form flux
is turned on in a Taub-NUT space, an M5-brane gets an effective potential that pins
it to the center of the space. A similar effect occurs for M2-branes and D-branes with
appropriate fluxes. In carefully chosen limits of the external parameters, this leads to
new theories that are decoupled from gravity and appear to break Lorentz invariance.
For example, we predict the existence of a new 5+1D theory that breaks Lorentz
invariance at high-energy and has a low-energy description of N tensor multiplets with
N = (1, 0) supersymmetry. We also predict a new type of theory that, similarly to the
little-string theory decouples from gravity by a dynamical (rather than kinematical)
argument.
1 Introduction
The way one usually relates field-theories to branes is to take the low-energy limit. Thus,
takingMs →∞ for N coincident D3-branes leaves the U(N) N = 4 SYM degrees of freedom
only [1] and taking the Mp →∞ limit for N coincident M5-branes leaves the (2, 0) degrees
of freedom [2]. One can obtain field theories with less supersymmetry by placing the branes
at singularities [3]-[6][7]. A larger class of theories is possible if one relaxes the condition of
Lorentz invariance. One can realize the Lorentz noninvariant theories by placing the branes
in backgrounds that break Lorentz invariance. The most studied example is Yang-Mills
theories on noncommutative spaces [9] obtained by an appropriate scaling limit of branes in
backgrounds with an NSNS flux [10]-[12].
The purpose of this paper is to study more configurations of branes at backgrounds that
break Lorentz invariance and have an interesting low-energy limit.
The construction that we will use is as follows. Consider a smooth 4D Taub-NUT space
(in either M-theory or type-II string theories) that at infinity behaves as a circle fibration
over the sphere S2 with first Chern class c1 = 1. To be concrete, let us take M-theory. The
Taub-NUT space is homogeneous in 6+1 directions. We can turn on a constant 3-form C-
flux along the circle at infinity and two of the homogeneous directions, such that the 4-form
field-strength dC is zero at infinity. Because the Taub-NUT circle shrinks to a point at the
origin the 4-form field strength cannot remain zero throughout the interior of the Taub-NUT
space. In the classical approximation, a solution with this particular boundary conditions
forces a nonzero field-strength and therefore also affects the metric. The metric is changed
in such a way that a brane that is transverse to the Taub-NUT space (i.e. parallel to the
6+1 directions) would have a lower tension if it is at the center of the space.
By tuning the external parameters (the C flux at infinity and the radius of the Taub-NUT
circle at infinity) we can decouple gravity. In fact, we will suggest two possible limits that
decouple gravity. In the first limit the flux is small and the low-energy theory appears to be
a new kind of a 5+1D theory with N = (1, 0) supersymmetry that can roughly be described
as the (2, 0) theory with a massive hypermultiplet. There is no contradiction with chirality
of the hypermultiplet in 5+1D because we believe the theory (and, in particular, the mass
term) breaks Lorentz invariance explicitly. In the second limit the flux is kept finite and the
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decoupling argument is of the same nature as the dynamical argument presented in [8].
Similar constructions can be repeated with the M2-brane and D-branes.
The paper is organized as follows. In section (2) we will describe the setting for the
constructions and review the geometry of the Taub-NUT space. In section (3) we will study
the spectrum of BPS excitations of the pinned branes and the various energy scales involved.
We will show that the spectrum includes a particle with a very low mass. In section (4) we
will interpret some of the results of section (2) from the low-energy supergravity solutions.
In section (5) we will present the limits of the external parameters that decouples gravity. In
section (6) we discuss the low-energy description of the theories and resolve a puzzle about
fermions. In section (7) we remove the M5-branes and study the Taub-NUT space with
3-form flux, C3 on its own. We analyze the spectrum of BPS states and show that the large
C3 limit can be accompanied with a rescaling of coordinates that makes the energies of the
low-lying BPS states finite.
2 The setting
2.1 Review of the Taub-NUT geometry
The metric of a KK-monopole is the Taub-NUT metric:
ds2 = R2U(dy −Aidxi)2 + U−1(d~x)2, i = 1 . . . 3, 0 ≤ y ≤ 2π. (1)
where,
U =
(
1 +
R
|~x|
)−1
,
and Ai is the gauge field of a monopole centered at the origin. This metric has a few
properties that we will utilize.
• It is a circle fibration over R3 with the origin excluded.
• The radius of the fiber shrinks to zero as we approach the origin and becomes a constant
R as we approach infinity.
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• If we restrict to |~x| = r with constant r > 0 the circle fibration is equivalent to the
Hopf fibration of S1 over S2.
• There is a U(1) isometry y → y + ǫ. It has one fixed point at the origin.
• The U(1) isometry acts nontrivially on the tangent space to the point at the origin.
2.2 Turning on a flux at infinity
Now suppose that we have a theory of gravity coupled to a vector field Aµ and we are looking
for a solution to the equations of motion with boundary conditions such that at infinity we
have a circle fibration over S2 with c1 = 1 and there is a constant Wilson line
∫
Aydy = w
on the circle at infinity. If w 6= 0, we cannot have Fµν = 0 throughout space because this
will force the holonomy
∫
Aydy to be constant contradicting the fact that the circle shrinks
to zero at ~x = 0. Thus, we expect that the solution with the above boundary conditions will
have a nonzero field-strength near the center of the Taub-NUT space. We also expect the
Taub-NUT metric to change, as a consequence.
Now let us turn to the setting in our case. We take a Taub-NUT space in M-theory or
one of the type-II string theories and we turn on a tensor field at infinity. In M-theory we
take the Taub-NUT circle direction to be the 7th and let 0 . . . 6 be directions perpendicular
to the Taub-NUT space. We can then turn on C167 at infinity. In a low energy limit, we
will see that there exists a solution with this kind of boundary condition (i.e. being a Hopf
fibration at infinity and having the constant C167 flux). It is also very plausible that for any
value of C167 there exists a background of M-theory with these boundary conditions. Next,
we add M5-branes along directions 0 . . . 5 and ask whether there is a limit of R and C167 for
which we obtain a theory that is decoupled from gravity.
3 BPS states
We wish to study the dynamics of N M5-branes at the center of a Taub-NUT space with a
3-form field that is constant at infinity and has one direction along the Taub-NUT circle. In
order to understand the dynamics and the relevant energy scales of the system we will study
various BPS states and fluxes in this theory.
3
3.1 Embedding in M-theory on T 7
We would like to use the formula for masses of BPS particles in M-theory on T 7 (see [13, 14]).
We will start with all fluxes turned off and take T 7 in the form of a product of circles of radii
R1 . . . R7. We will denote by Mp the 11-dimensional Planck scale. We take the Taub-NUT
circle to be R7. We let the Taub-NUT wrap directions 1 . . . 6. Its mass is:
MTN =M
9
pV R7, V ≡ R1 . . . R7.
The mass of the M5-brane is:
MM5 = M
6
pR1R2R3R4R5 =M
6
pV R
−1
6 R
−1
7 .
There are 56 U(1) charges in the low-energy description of M-theory on T 7. We will denote
them by:
Qi, Q˜i, Qij , Q˜
ij .
They correspond to BPS particles with masses:
R−1i , M
9
pV Ri, M
3
pRiRj , M
6
pV R
−1
i R
−1
j .
These are KK-particles, KK-monopoles, M2-branes and M5-branes respectively. Now let
us turn on some flux Cmnp (1 ≤ m < n < p ≤ 7) and let us assume, for simplicity, that
Cmnp 6= 0 for only one set of indices m,n, p. Let us consider a BPS-state (that preserves
some fraction of the SUSY) with integer charges Qi, Q˜i, Qij , Q˜
ij . From this vector one can
construct an 8× 8 complex anti-symmetric central charge matrix Zab = −Zba (a, b = 1 . . . 8)
that is linear in the Q’s. The procedure is as follows [13]. Let us define the periodic variable:
φmnp ≡ CmnpRmRnRp, φmnp ∼ φmnp + 1.
Next, one defines:1
qi ≡ Qi + φijpQjp,
q˜i ≡ Q˜i,
q˜ij ≡ Q˜ij + φijpQ˜p,
qij ≡ Qij − ǫijklmnpQ˜klφmnp.
1We wish to thank the anonymous referee for pointing out a typo in the first line. This corrects two
formulas in section (7).
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Here we have used the assumption that φmnp 6= 0 for only one set of indices m,n, p (that
we are going to take to be 1, 6, 7 later on). Otherwise, we will also have terms that are
quadratic and cubic in φ. One way to think about these equations is that the presence of
the fractional φmnp creates effective fractional charges. For example, there is an effective
fractional membrane charge if there is an M5-brane with a C-field turned on.
The central charge matrix is now given by:
Zab =
∑
1≤m<n≤7
(M3pRmRnqmn + iM
6
pV R
−1
m R
−1
n q˜
mn)Γmnab +
7∑
m=1
(M9pV Rmq˜m + iR
−1
m q
m)Γm8ab .
Here we have used the anti-symmetric
Γpqab = −Γqpab = −Γpqba, p, q = 1 . . . 8, a, b = 1 . . . 8
which are the generators of SO(8) in the spinor representation 8s. The BPS bound from
the matrix Z is that the mass squared of a state with given charge should be at least the
maximal eigenvalue of Z†Z.
We shall now apply this formula to various BPS states in the theory.
3.2 The 5-brane tension
How much energy does it cost to separate the 5-brane from the Taub-NUT space?
We set C167 to a nonzero value and set Q˜7 = 1 and Q˜
67 = N . We also set φ167 =
C167R1R6R7. The central charge matrix is given by:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iC167M
6
pV R7Γ
16.
The maximal eigenvalue of this matrix is:
M6pV
√
(M3pR7 +NR
−1
6 R
−1
7 )
2 + C2167R
2
7
We compare this to the separate masses of the Taub-NUT alone and the M5-brane alone.
The sum of the masses is:
M6pV
(√
M6pR
2
7 + C
2
167R
2
7 +NR
−1
6 R
−1
7
)
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Thus, the bound state energy is:
M =M6pV
(√
M6pR
2
7 + C
2
167R
2
7 +NR
−1
6 R
−1
7 −
√
(M3pR7 +NR
−1
6 R
−1
7 )
2 + C2167R
2
7
)
Let us take the limit M3pR6R
2
7 →∞. We obtain (C ≡M−3p C167):
M ≈ NM6pV R−16 R−17
(
1− 1√
1 + C2
)
.
Thus, the tension of each 5-brane effectively decreases by
√
1 + C2 when it is bound to the
Taub-NUT.
3.3 Momentum States
The result above can be interpreted simply as a rescaling of the metric g11 in the 1
st direction.
To see this, let us compare the energy of a KK-particle in the 1st direction to the energy of
a KK-particle with momentum in the 2nd direction.
For momentum in the 1st direction we find:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iC167M
6
pV R7Γ
16 + ikR−11 Γ
18
≡ xΓ78 + iyΓ67 + izΓ16 + ivΓ18.
The mass is: √
(x+ y + v)2 + z2 −
√
(x+ y)2 + z2 −→ x√
x2 + z2
v
The last result is in the limit x, z ≫ y ≫ v. Thus the energy of a massless particle with k
units of momentum in the 1st direction is:
k√
1 + C2
R−11 .
This suggests that we define:
R˜1 ≡
√
1 + C2R1
The KK-mass is then R˜−11 . For particles with momentum in the 2
nd direction we find:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iC167M
6
pV R7Γ
16 + ikR−12 Γ
28
≡ xΓ78 + iyΓ67 + izΓ16 + ivΓ28.
The mass is then just kR−12 .
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3.4 Massive Particles
As we have seen, the N M5-branes are stuck at the center of the Taub-NUT space where their
tension is minimal. Intuitively, this suggests that small fluctuations of the world-volume of
the M5-branes are described by a massive field. A Taub-NUT space has a U(1) isometry.
When C167 = 0, a fluctuation of the M5-brane in the Taub-NUT directions is charged under
that U(1) because at the center of the Taub-NUT geometry the U(1) is embedded in the
local SO(4) isometry of the tangent space.
Thus, we should check what is the mass of a BPS state with U(1) charge. We therefore
set Q7 = k and calculate:
Z = (M9pV R7 + ikR
−1
7 )Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iM6pC167V R7Γ
16.
Now the maximal eigenvalue is:
M6pV
√
(M3pR7 +NR
−1
6 R
−1
7 )
2 + (C167R7 + kM−6p V
−1R−17 )
2
The energy of the excitation is therefore:
M6pV
(√
(M3pR7 +NR
−1
6 R
−1
7 )
2 + (C167R7 + kM−6p V
−1R−17 )
2 −
√
(M3pR7 +NR
−1
6 R
−1
7 )
2 + C2167R
2
7
)
.
In the limit M3pR6R
2
7 →∞ this becomes:
k
C√
1 + C2
R−17 .
3.5 Tensor fluxes
We can also calculate the energy of fluxes of the anti-self-dual 2-form field that is part of
the low-energy tensor multiplet of an M5-brane. Because C167 explicitly breaks Lorentz
invariance, we should discuss fluxes in various directions separately. We set Qij = Nij for
Nij units of tensor flux in the direction i, j. If Tijk is the anti-self-dual 3-form field-strength
on the M5-brane then Nij = 2πTij0RiRj for a single M5-brane.
Let us first set only N23 6= 0. The central charge matrix is:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iC167M
6
pV R7Γ
16 +M3pN23R2R3Γ
23
≡ xΓ78 + iyΓ67 + izΓ16 + uΓ23.
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The BPS bound is: √(
x+
√
u2 + y2
)2
+ z2
In the limit M3pR6R
2
7 →∞, x, z ≫ y, u we obtain the energy of the flux:
E23 =
√(
x+
√
u2 + y2
)2
+ z2 −
√
(x+ y)2 + z2 =
√
u2 + y2 − u√
x2 + z2
=
√
1 +M−6p N
−2N223R
−2
1 R
−2
4 R
−2
5 − 1√
1 + C2
M6pNR1R2R3R4R5
−→ N
2
23R2R3
2
√
1 + C2NR1R4R5
=
N223R2R3
2NR˜1R4R5
.
The last line is in the limit MpRi ≫ 1 for i = 1, 4, 5. Next we check a flux with one index in
the direction of C167. Let us take N12 6= 0. We find:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + iC167M
6
pV R7Γ
16 +M3pN12R1R2Γ
12
≡ xΓ78 + iyΓ67 + izΓ16 + vΓ12.
E12 =
√
v2 + x2 + y2 + z2 + 2
√
v2x2 + x2y2 + v2z2 −
√
(x+ y)2 + z2
−→
√
v2(1 + C2) + y2 − y
1 + C2
−→y≫v v
2
√
1 + C2
2y
=
N212
√
1 + C2R1R2
2NR3R4R5
=
N212R˜1R2
2NR3R4R5
.
We see that these results support the claim that we have to rescale the first coordinate by a
factor of
√
1 + C2.
3.6 Strings
So far we described the excitations of a possibly free theory. Now we would like to take the
number of M5-branes to be N = 2 and separate the M5-branes along the 6th direction. Let
the separation be φR6. We expect to find strings, made by M2-branes stretched between the
M5-branes, with a tension proportional to φ. We also have to establish the coefficient of the
kinetic term, (∂φ)2, in the low energy effective action. We can do that by taking R2 ≫ R6
and calculate the energy of and M5-brane that wraps the diagonal of the 2 − 6 directions.
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This is described by φ(x2) = lx2R
−1
2 R6. The corresponding central charge matrix is:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + ilM6pV R
−1
2 R
−1
7 Γ
27 + iC167M
6
pV R7Γ
16
≡ xΓ78 + iyΓ67 + izΓ16 + iwΓ27.
The energy is:
E =
√
x2 + y2 + z2 + w2 + 2
√
x2y2 + x2w2 + w2z2 −
√
(x+ y)2 + z2 ≈
√
x2 + z2
2xy
w2
This is:
√
1 + C2
M6pV R6
2NR7
l2 =
M6p R˜1R2R3R4R5
2N
(
R6l
R2
)2
.
We compare this to:
1
2N
R˜1 · · ·R5(∂φ)2
and find that:
ϕ ≡M3pφ
has the normalized kinetic energy.
To calculate the tension of the string we gradually change φ from 0 to 2π. When it is 2π
we calculate the mass of k strings stretched on the 2nd direction:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + kM3pR2R6Γ
26 + iC167M
6
pV R7Γ
16
≡ xΓ78 + iyΓ67 + izΓ16 + wΓ26.
We find E = w. The energy of the string in the limit R6 →∞ is thus:
M3pR2φ.
The tension of the string wrapped in a direction not including the 1st is therefore T ≡ ϕ.
For the mass of strings stretched in the 1st direction we calculate:
Z = M9pV R7Γ
78 + iNM6pV R
−1
6 R
−1
7 Γ
67 + kM3pR1R6Γ
16 + iC167M
6
pV R7Γ
16
≡ xΓ78 + iyΓ67 + (w + iz)Γ16.
E =
√
(x+ y + w)2 + z2 −
√
(x+ y)2 + z2 ≈ x+ y√
(x+ y)2 + z2
w
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The energy of the string in the limit R6 →∞ is thus:
1√
1 + C2
M3pR1φ =
1
1 + C2
M3p R˜1φ.
We note that in these calculations we assume that the metric on the ϕ-moduli space is
constant. In 5+1D, supersymmetry implies that the metric on the tensor-multiplet moduli
space is flat. However, in our case we can only use the SO(4, 1) subgroup of the SO(5, 1)
Lorentz group. So, in principle there can be a nontrivial metric on the moduli space [15].
3.7 Summary
Based on the BPS analysis we found the following facts.
• We have to rescale the metric in the 1st direction so that R˜1 =
√
1 + C2R1 where
C = M−3p C167. This way the energy of massless particles with momentum p is given by
the Lorentz invariant expression |p|.
• The tension of each M5-brane is smaller by a factor of √1 + C2 when it is at the center
of the Taub-NUT (relative to infinity).
• There appears to be a massive particle in the spectrum with mass
m0 ≡ C√
1 + C2
R−17 . (2)
• The energy of tensor fluxes is as it should be if expressed in terms of R˜1. Tensor fluxes
in direction 1, 2 have energy:
E12 =
N212R˜1R2
2NR3R4R5
,
while tensor fluxes in direction 2, 3 have energy:
E23 =
N223R2R3
2NR˜1R4R5
.
• When the M5-branes are separated there appear to be strings in the spectrum. The
tension of the strings is proportional to the separation. The tension seems to be smaller
by a factor of (1 + C2) for strings stretched in the 1st direction relative to strings
stretched in the directions 2 . . . 5.
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4 Gravity solutions
We have seen in section (3) that a Taub-NUT space with nonzero boundary conditions for
the 3-form field along the circle at infinity creates a potential that pins M5-branes to the
origin. We have also seen that some excitations of the M5-brane become massive. In this
section we will explain the mechanism that is responsible for these effects. For that purpose
we will describe the classical supergravity solution that corresponds to this Taub-NUT space.
The solution is a good approximation when the curvature and field strength are small and
that is true for MpR7 ≫ 1 and M−3p C167 ≪ 1. We will also describe the solution of the
Taub-NUT space with N M5-branes at the center. This solution is a good approximation
either when N is large or N = 0.
4.1 The solution
We start with a configuration of Q5 D5-branes and Q3 D3-branes in type-IIB theory oriented
along (x0, x2, x3, x4, x5, x6) and (x0, x2, x3, x7) respectively. We have kept x1 to be the 11
th
direction so as to remain consistent with the notations of the previous sections.
Under an S-duality this will become a system of Q5 NS5-branes and Q3 D3-branes. We
define the following terms:
H3 = 1 +Q3/r, H5 = 1 +Q5/r
and r =
√
(x8)2 + (x9)2 + (x10)2. Qi depends on the number Ni of D-branes and also on Mp.
We will use the explicit form of the Qi later. The metric for the NS5-D3 configuration is
(see [16, 17, 18]):
ds2 = H
−1/2
3 ds
2
023 +H
1/2
3 ds
2
456 +H5H
−1/2
3 ds
2
7 +H5H
1/2
3 ds
2
89,10
After a series of T-dualities in the 4th and 5th directions, we get a configuration of Q5 NS5-
branes and Q3 D5 oriented along (x0, x2, x3, x4, x5, x6) and (x0, x2, x3, x4, x5, x7) respectively
with metric:
ds2 = H
−1/2
3 ds
2
02345 +H
1/2
3 ds
2
6 +H5H
−1/2
3 ds
2
7 +H5H
1/2
3 ds
2
89,10.
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Basically this is our starting configuration. The whole chain of dualities was done only to
calculate the metric for this configuration. The directions x6, x7 are on a square torus. To
go to an inclined torus we make the following transformations:
x6 = y6 sec θ + y7 sin θ,
x7 = y7 cos θ.
yi are the new coordinates. Observe that xj = yj for j 6= 6, 7. Therefore only the 6,7 part
of the metric will undergo some change, and it will look like:
ds2 = H
1/2
3 (dy
6 sec θ + dy7 sin θ)2 +H5H
−1/2
3 (dy
7 cos θ)2
= H
1/2
3 (dy
6 sec θ)2 + (H
1/2
3 sin
2 θ +H5H
−1/2
3 cos
2 θ)(dy7)2 + 2H
1/2
3 tan θdy
6dy7
The rest of the components of the metric will remain the same. Now under a T-duality along
y7 we get a (Q5-centered) Taub-NUT space and Q3 D4-branes. The Taub-NUT space has a
nontrivial metric along (y7, y8, y9, y10) and the D4-branes are oriented along (y2, y3, y4, y5).
The metric for this configuration is:
ds2 = H
−1/2
3 ds
2
02345 + hH5(dy
6)2 + h(dy7 +B7idy
i)2 +H5H
1/2
3 ds
2
89,10
where h−1 = H
1/2
3 sin
2 θ +H5H
−1/2
3 cos
2 θ and i = 8, 9, 10. Observe that the KK gauge field
Ai = B7i and B7i comes from the NS5 brane. The Taub-NUT circle is along y7.
There is also an antisymmetric two form background coming from the inclination of the
torus. It is given by:
B(NS) = hH
1/2
3 tan θ dy
6∧(dy7 +B7idyi)
The coefficient goes to a constant T = tan θ at infinity. The dilaton behaves as:
e2φ = hH5/H3.
The string coupling constant, g, has been set to one.
We now lift this configuration to M-theory. The M-theory direction is x1. The various
components of the metric are (a, b are 10-dimensional indices):
Gab = (hH5/H3)
−1/3gab, Ga1 = 0, G11 = (hH5/H3)
2/3
12
and the three form background is:
C3 = M
3
phH
1/2
3 tan θ dx1∧dy6∧(dy7 +B7idyi)
At infinity, the value of the 3-form flux becomes M3pC ≡M3p tan θ.
We can still subtract from C3 a constant because this does not affect the field-strength.
We do it so as to fix the boundary condition C3 = 0 at r = 0. This is because the radius of
the circle in the 7th direction shrinks to zero and and if C3(0) 6= 0 we would get a singularity
in the field-strength at the origin. We calculate the constant piece to be:
M3pQ3 tan θ
Q3 sin
2 θ +Q5 cos2 θ
.
Now let us study the background geometry alone, setting the number Q3 of M5-branes, to
zero. We obtain the metric:
ds2 = (hH5/H3)
2/3dx21 + (hH5)
−1/3H
−1/6
3 (dx
2
0 + dx
2
2 + dx
2
3 + dx
2
4 + dx
2
5) + (hH5)
2/3H
1/3
3 (dy
6)2
+h2/3(H5/H3)
−1/3(dx7 +B7idxi)
2 + h−1/3H
2/3
5 H
5/6
3 (dx
2
8 + dx
2
9 + dx
2
10)
= (hH5)
2/3dx21 + (hH5)
−1/3(dx20 + dx
2
2 + dx
2
3 + dx
2
4 + dx
2
5)
+(hH5)
2/3(dy6)2 + h2/3H
−1/3
5 (dx7 +B7idxi)
2 + h−1/3H
2/3
5 (dx
2
8 + dx
2
9 + dx
2
10)
where:
H5 = 1 +
R
r
, h−1 = sin2 θ +H5 cos
2 θ = 1 +
R cos2 θ
r
.
We also find:
M−3p C3 = h(H3)
1/2 tan θ dx1∧dy6∧(dx7 +B7idxi)
=
(
1 +
R cos2 θ
r
)−1
tan θ dx1∧dy6∧(dx7 +B7idxi) (3)
as r →∞ we see that
M−3p C3(∞) = tan θ dx1∧dy6∧(dx7 +B7idxi) ≡ Cdx1∧dy6∧(dx7 +B7idxi)
4.2 Small r
For r → 0 we can still trust our supergravity solution as long as the background value of the
three form potential is sufficiently small. In this limit h−1 = H5/(1 + C
2) in the absence of
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M5 brane. H5, on the other hand, goes as Rr
−1 for small r. The metric as seen by the M5
brane is nonsingular and behaves as follows:
ds2 = (1 + C2)dx21 + dx
2
02345 + (1 + C
2)dx26
+ (1 + C2)
r
R
(dy7 + Aidyi)
2 +
R
r
(dr2 + r2dΩ28910) (4)
We have scaled the coordinates by (1 + C2)1/6 to get the above metric. Here y7 and the
angular variables Ω8,9,10 can be taken to parameterize an S
3. If we change variables to
r = u2 we see that the r, x7,Ω8,9,10 parameterize a smooth 4-dimensional point at r = 0, as
in the ordinary Taub-NUT space. As r → 0, the field C3 behaves as:
C3 → C(1 + C2)M3p (r/R) dx1∧dy6∧(dx7 +B7idxi) (5)
It is easy to check that the field strength, F4 = dC3, has a finite magnitude as r → 0.
4.3 The pinning potential
To calculate the potential we have to compute
√
detG along the M5-brane directions. This
is given by the following expression:
detG = G00G11 · · ·G55 = H−3/23 H−15 (H1/23 sin2 θ +H5H−1/23 cos2 θ)
Now to calculate the potential as seen by the M5 brane we put H3 = 1. This reduces to
√
detG = (H−15 sin
2 θ + cos2 θ)1/2. (6)
As discussed earlier one can trust supergravity solution if C ≪ 1. Therefore we have the
following limits:
• For r →∞ all the harmonic functions become 1 and so √detG = 1.
• Near r → 0, H5 → R/r and we can neglect sin2 θ. This gives
√
detG =
1√
1 + C2
.
This is precisely the reduction expected from the BPS analysis in the previous sections.
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4.4 Lorentz invariance
The origin r = 0 is a smooth point for the metric (4). If we rescale:
x˜1 ≡
√
1 + C2x1,
then at the vicinity of r = 0 the SO(5, 1) Lorentz invariance is restored. This is the same
rescaling found in section (3). As we will see in section (5), the low-energy theory that
describes the M5-branes breaks SO(5, 1) Lorentz invariance, but at lowest order the breaking
term involves only the fermions.
Let us also mention that even though the metric is smooth, the 4-form field strength,
dC3, is discontinuous at r = 0. It is nevertheless finite and that will play an important role
in generating the Lorentz-breaking fermion term (see section (6)).
4.5 Small fluctuations
We can expand the potential (6) in small r. To leading order,
√
detG =
1√
1 + C2
+
C2
2(1 + C2)1/2
r
R
+O(r)2.
If we change coordinates to u = r1/2 and rescale x1 by the factor
√
1 + C2, we see that
fluctuations of the position of the M5-brane have an effective potential of
C2
2(1 + C2)
Mpu
2.
We conclude that the fluctuations become massive with the same mass as predicted by the
BPS calculation (2).
5 Decoupling limits
We now wish to study limits of the previous constructions where gravity can be decoupled.
To be concrete, we will concentrate on the example of N M5-branes at the center of a
Taub-NUT space with C167-flux turned on.
There are two kinds of decoupling arguments that we can utilize. The first is a low-energy
argument where we set to infinity the scale of all the excitations that we wish to discard.
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Thus, we say that N = 4 SYM theory describes N coincident D3-branes when we set the
string-scale to infinity, thereby decoupling the massive string states [1]. We will call this type
of argument “kinematical”. Sometimes we are forced to keep the scale of excitations, that
we wish to decouple, finite. Another type of decoupling argument is possible if we can set
the coupling constant between those excitations and the excitations of our theory to zero.
This type of argument was introduced in [8] for the decoupling of bulk string states from the
little-string theory. The bulk states have masses of order the string scale Ms which is the
same scale as that of the little-string theory. The decoupling is argued to occur in the limit
of zero string coupling constant. We will call this a “dynamical” argument.
5.1 Kinematical decoupling
We have seen in section (3) that an M5-brane at the center of a Taub-NUT space with the
field C167 turned on has massive BPS states. Let us make a list of the various energy scales
that we found in section (3). In the limit of C → 0, we have:
• Mp is the Planck scale.
• R−17 is the scale of KK-excitations far away from the center.
• MpC1/3 is the energy-scale of the binding energy per unit volume of the 5-brane.
• CR−17 is the energy scale of excitations of the 5-brane.
In a low-energy decoupling limit we must set the first three scales to infinity. The Planck
scale, Mp must be set to infinity in order to decouple gravity. The scale MpC
1/3 must be
set to infinity so that we will not have to consider local fluctuations where a small portion
of the M5-brane escapes to infinity. Finally, the scale R−17 will be sent to infinity so as to
keep the scale of Kaluza-Klein particles that are far from the center small. We will keep
CR−17 finite. Finally, we should also take MpR7 →∞. The reason is as follows. If we reduce
from M-theory to type-IIA along R7, the Taub-NUT space becomes a D6-brane and the
M5-branes becomes NS5-branes. The string scale is M2s = M
3
pR7 and this must be set to
infinity.2 Moreover, we want the scale that is set by the tension of the D6-brane to be much
higher than the scale set by the tension of the M5-branes, otherwise we could not decouple
2We thank S. Sethi for pointing this out.
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the 6+1D U(1) gauge field on the D6-brane. The implies that the string coupling constant
should be large, and hence MpR7 →∞.
The decoupled theory that we obtain seems to be a new type of 5+1D theory that has
not been encountered before.
5.2 Dynamical decoupling
In this limit we take Mp → ∞ but we wish to keep C finite. Since we wish to keep CR−17
finite as well, we are forced to keep the scale R−17 itself finite. This means that we must
find another argument for the decoupling of Kaluza-Klein excitations that are far from the
center. Such an argument has to be dynamical, namely that the coupling constant between
these states and the states of the 5+1D theory is proportional to inverse powers of Mp. This
argument is similar in spirit to the argument made in [8] for the decoupling of bulk string
states from the little-string theory. The bulk states have masses of order the string scale Ms
which is the same scale as that of the little-string theory. The decoupling is argued to occur
in the limit of zero string coupling constant.
In our case, in the limit of keeping both R7 and C finite, we saw in section (3) that the
metric in the 1st direction has to be rescaled by a factor of
√
1 + C2 in order to preserve
Lorentz invariance, at least to leading order. By this we mean that the energy of massless
particles with low momentum p, will be E = |p| no matter what the direction of p is. We
have also seen that with this rescaling the energy of tensor fluxes in directions 2, 3 (i.e. not
including the direction of the C-flux) is:
E23 =
N223R2R3
2NR˜1R4R5
,
where N23 is an integer. Fluxes in directions 1, 2 have energy:
E12 =
N212R˜1R2
2NR3R4R5
.
which also respects the invariance under interchange of directions 1 and 2.
At higher orders in the momentum expansion, we expect Lorentz invariance to be broken.
As we shall see in section (6), it is the fermions that first exhibit the breakdown of Lorentz
invariance.
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6 Low-energy description
What is the low-energy description of these 5+1D theories? A regular M5-brane is described,
at low-energies, by a tensor multiplet of N = (2, 0) supersymmetry. It contains an anti-self-
dual tensor field and 5 scalars. In our case, we have argued that the M5-brane becomes
pinned in 4 out of the 5 transverse directions. Thus, it is reasonable to assume that 4 scalars
become massive and the low-energy description is an anti-self-dual tensor field and a single
scalar. Together with fermions, that would make up a single tensor multiplet of N = (1, 0)
supersymmetry and the equations of motion would be Lorentz invariant at the lowest order
in the derivative expansion.
6.1 The fermions: a puzzle
What about the fermions? At first sight, there seems to be a puzzle. We have seen that 4
scalars become massive. In terms of N = (1, 0) the 4 scalars are part of a hyper-multiplet.
However, a hypermultiplet in 5+1D contains chiral fermions and these cannot be made
massive. Furthermore, imagine that we turn on C gradually from 0 to its present value.
The theory at C = 0 has a (massless) hypermultiplet that contributes to the gravitational
anomaly. How did this part of the anomaly disappear at C 6= 0?
The resolution of both puzzles is that the theory at C 6= 0 is not Lorentz invariant.
Thus, we should only consider the SO(4, 1) ⊂ SO(5, 1) subgroup of Lorentz-invariance and
therefore only 4+1D supersymmetry. In 4+1D, a hypermultiplet can be given a mass.
Let λ be the fermion that lives on an M5-brane. It is in the representation (4, 4) of
Spin(4, 1)× Spin(5) where Spin(5) is the rotation of the transverse directions.
Spin(4, 1) invariance in directions 0, 2 . . . 5 suggests that the effective coupling would be:
∼ λ¯Γ1Ωλ. (7)
Here Γ1 is one of the 5+1D Dirac matrices and Ω acts on the Spin(5) R-symmetry indices.
Furthermore, Spin(3) invariance in directions 8, 9, 10 suggests that Ω should be a constant
Spin(3) ⊂ Spin(5) invariant matrix. After dimensional reduction to 4+1D the term must
reduce to an ordinary mass term for the fermions of the hypermultiplet because the theory
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would be Lorentz invariant. This means that Γ1Ω must be the identity on the fermions of the
hypermultiplet. Starting with a vector multiplet with 16 supersymmetries in 4+1D we can
consider an N = 1 subgroup (8 supersymmetries) of the SUSY algebra. The fermions that
go into the hypermultiplet can be separated from those that go into the vector multiplet (in
4+1D) by their transformation under the Spin(4) that, in the original setting, corresponds
to rotations in directions 7, 8, 9, 10. The fermions of the hypermultiplet are invariant and
this determines Ω = Γ6 – the 11D Dirac matrix in the 6th direction. Note that we cannot set
Ω to the identity because then the effective action will be just like a coupling to a constant
gauge field that can be gauged away.
6.2 The supergravity mechanism
What is the explicit mechanism by which our fermions get a mass? If one places an M5-
brane in a region where the 4-form field strength, F , of M-theory is nonzero but still small,
the fermions, λ, on the world-volume of an M5-brane (that are part of the tensor multiplet)
couple to it schematically as λλF . One way to see this is by expanding the action with
the fermionic zero-modes of the M5-brane solution. Recall that M-theory has a term in
the effective action that is of the form [23] ψ¯MΓPQψNFMPQN , where M,P,Q,N = 0 . . . 10,
ψM is the gravitino field, FMPQN is the 4-form field-strength and Γ
PQ is an anti-symmetric
product of two Dirac matrices. After reduction to the zero-modes on the M5-brane solution
we can find the effective coupling between the 5+1D fermions and the external 4-form field-
strength. (Note that the M5-brane solution has strong curvature but we can still use it for
this discussion since supersymmetry determines that term uniquely.)
In our case, let µ = 0 . . . 5 a direction parallel to the M5-brane. Let A = 6 . . . 10 be
a direction orthogonal to the M5-brane. We are interested in the coupling between the
components FµABC of the field-strength and the fermions λ from the (2, 0) tensor-multiplet.
This coupling has to be of the form FµABC λ¯Γ
µΓABCλ, where ΓABC acts on the Sp(2) R-
symmetry indices only and Γµ acts on the space-time Spin(5, 1) spinor indices only.
We have seen in section (4.2) that the 4-form field-strength, F4, approaches a constant
magnitude as r → 0 but it is still discontinous because its direction depends on the path
along the transverse directions (7, 8, 9, 10) in which we take the limit r → 0. At first sight
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this would seem to suggest that the Fλλ term has a scalar-field dependent coefficient. We
believe, however, that the correct procedure is to expand the gravitino fields in the presence
of the M5-brane as ψM ∼ λψM0 , where ψM0 are the gravitino zero-modes and the λ’s depend
only on directions 0 . . . 5 (along the M5-brane). Then, we have to plug this back into the
M-theory coupling, ψ¯MΓPQψNFMPQN , with FMNPQ taken from (5). We believe that this
will produce the term suggested in (7).
We could be a bit more precise here. Observe that the value of Fr167 near r → 0 is
a constant given by C(1 + C2)R−1. Therefore we expect the fermions to pick up a mass
proportional to the value of F at the origin. However this is not the case. It is of course
true that the SO(4, 1)-invariant mass involves F but there is also a contribution from the
zero modes of the gravitino in the picture. In the presence of the background C field, the
normalisable zero modes also pick up contributions from the C field in such a way that the
zero modes are actually suppressed by inverse powers of (1 + C2). To see this, consider
the D5-NS5 brane configuration. Let us assume that the system supports a normalisable
gravitino zero mode ψ70(r). We now go to the slanted torus by the transformation given in
section (4.1) and then make a T-duality along x7. Using the T-duality rules the combined
effect now gives a zero mode suppressed by (1+C2)−1/2. Now integrating out the zero modes
using the 11-dimensional term (with x1 being scaled by a factor of
√
1 + C2) we see that
after dimensional reduction to 4+1D the fermions get the same mass as the bosons.
7 Various BPS states in 6+1D
We will now drop the M5-branes from the story and concentrate only on the Taub-NUT
space with the C-flux. For the purposes of the discussion it is convenient to think of it as
a 6+1D theory, although we do not necessarily claim that it is decoupled from gravity. We
will return to that question in section (7.1).
We can calculate the tension of various BPS states of this 6+1D “theory”. We can do
this using the same techniques as described in section (3). We can even check some of the
statements for small C using the solution in section (4.1). As in section (3) we will assume
that the theory is compactified on T6 with radii R1, . . . , R6. We will express the results in
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terms of the rescaled radii:
R˜1 ≡
√
1 + C2R1, R˜6 ≡
√
1 + C2R6.
We have calculated the energy of the following BPS objects:
• Kaluza-Klein particles: They have energy:√√√√ k21
R˜21
+
k22
R22
+ · · ·+ k
2
5
R25
+
k26
R˜26
.
• M2-branes: M2-branes that are stretched in directions I 6= J have the following
masses, according to the dimension of the intersection of the plane of the membrane
with the plane of the C-flux.
– For I, J = 2, 3, 4, 5 we have the mass:
1√
1 + C2
M3pRIRJ .
– For I, J with I = 1, 6 and J = 2, 3, 4, 5 we find the mass:
1√
1 + C2
M3p R˜IRJ
– The BPS formula for M2-branes in direction 1, 6 gives:
1√
1 + C2
M3p R˜1R˜6,
which again agrees with the supergravity calculation as in (4.1), for small C.
• M5-branes: This again depends on whether the M5-brane hyper-plane contains both
the 1st and 6th directions or just one of them.
– For M5-branes in direction 1 . . . 5 we find the mass:
1
1 + C2
M6p R˜1R2R3R4R5.
– For M5-branes in direction 1, 3 . . . 6 we find the mass:
1
1 + C2
M6p R˜1R3R4R5R˜6.
• Electric fluxes: For this purpose we can think of the Taub-NUT as a D6-brane (after
reduction on the 7th direction).
21
– For electric flux in the 1st direction we find the central charge:
Z = M9pV R7Γ
78 − iC167R1R7Γ68 +M3pR1R7Γ17 + iC167M6pV R7Γ16
and the energy is: √
1 + C2R˜1
2M3pR2R3R4R5R˜6
.
– For flux in the 2nd direction we find:
Z = M9pV R7Γ
78 +M3pR2R7Γ
27 + iC167M
6
pV R7Γ
16
The energy is: √
1 + C2R2
2M3p R˜1R3R4R5R˜6
.
• Magnetic fluxes: We take the magnetic flux to be in direction I, J . We will distinguish
three cases:
– For I, J = 2, . . . 5, for example I, J = 2, 3, we find that the central charge is:
Z =M9pV R7Γ
78 + iM3pR1R4R5R6R7Γ
23 −C167R1R4R5R6R7Γ45 + iC167M6pV R7Γ16,
and the energy is:
M3p R˜1R4R5R˜6
2
√
1 + C2R2R3
.
– For I = 2, . . . 5 and J = 1, 6, for example, I = 2 and J = 1, we find:
Z = M9pV R7Γ
78 + iM3pR3R4R5R6R7Γ
12 + iC167M
6
pV R7Γ
16,
and the energy is:
M3pR3R4R5R˜6
2
√
1 + C2R˜1R2
– For I, J = 1, 6, we find the energy:
C√
1 + C2
M6pR2R3R4R5R7.
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7.1 The large C limit
Perhaps the most interesting limit to study is that of C →∞.3 Specifically, let us consider
the following limit:
Mp →∞, C →∞, M3pC−1 → fixed. (8)
This limit has been studied in [20]. They argued that a D6-brane in the limit of non-
commutative geometry [10]-[12] is described by a decoupled 6+1D theory. Keeping M3pC
−1
finite makes sures that the effective Yang-Mills coupling constant g2YM = M
−3
p C is fixed.
The proposal of a decoupled theory is also related to a previous suggestion of [19] that a
non-commutative version of the 6+1D theory that should have been the M(atrix)-model of
M-theory on T 6 could perhaps avert the problems explained in [22, 21] and actually be a
decoupled theory. We will not address the issue of decoupling in this paper. (Following a
correspondence with O. Aharony, we tend to believe that the 6+1D theory is decoupled, as
suggested in [20], but has a continuum of states like a 10+1D theory.)
Nevertheless, we will point out that all the energies of the BPS states studied in the
previous section, except the magnetic flux in directions 1, 6, have a finite limit if M3pC
−1 is
kept fixed and R7 is also kept finite.
The mass of the M2-branes is proportional to 1/g2YM , the mass of the M5-branes is
proportional to 1/g4YM and the energy of electric-fluxes in directions orthogonal to 1 and
6 is proportional to g2YM . It is interesting to note that the M2-branes and M5-branes are
becoming light when g2YM is large (compared to the radii R˜1, R2, . . . , R5, R˜6).
8 Discussion
We have seen that the dynamics near the origin of a Taub-NUT space with a C-field turned
on at∞ can be used to construct various decoupled theories. We have suggested two types of
theories. These theories can be obtained by placing M5-branes as probes and taking either a
low-energy limit or a less understood dynamical decoupling limit. In all these examples, the
dynamics depends only on the type of singularity at r = 0. The virtue of using a Taub-NUT
space is that we can easily use BPS arguments as in section (3).
3We wish to thank S. Sethi for pointing this limit out.
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We can repeat the discussions of the previous sections with D-branes of various dimensions
instead of M5-branes or with M2-branes. When we discuss D-branes we can turn on various
RR-fields or NSNS 2-form fields at infinity. These fields can have various numbers of indices
along the direction of the branes. Thus, we will obtain theories that are either Lorentz
invariant or have a Lorentz-breaking term that is characterized by a vector or a tensor.
Alternatively, we can compactify the 5+1D theory that we found on the M5-branes on
Td and look for a low-energy description of the resulting (6 − d)-dimensional theory. Since
the Lorentz-breaking direction (the 1st direction in the notation of section (3)) can be either
compactified or not, we obtain low-energy descriptions that are either Lorentz-invariant or
have a vector Lorentz-breaking term.
The two questions, one regarding replacing M5-branes with D-branes or M2-branes and
the other regarding the low-energy description of compactified theories, are overlapping. For
example, if we compactify the theory of ordinary M5-branes, i.e. the (2, 0)-theory, on T2
we obtain the theory of D3-branes, i.e. U(N) N = 4 SYM at low-energy. If we further
compactify the theory of D3-branes on S1 we obtain the theory of D2-branes that at the IR
limit flows to the Spin(8) theory of M2-branes at a certain point in moduli space [24]-[26].
These theories seem to provide a mechanism for fixing the position of branes in an ambient
space. It would be interesting to generalize these constructions to cases, with probably less
supersymmetry, in which more than 4 coordinates of the position of a D-brane are fixed.
This might have applications for brane-world scenarios as in [27]-[31].
Let us also mention that our models are related to the models studied in [32]. Both
models are U-dual to the elliptic brane configurations of [33].
Another question that we hope to address in a later paper is the large N limit of this
theory, along the lines of the AdS/CFT correspondence [34, 35, 36].
It would also be interesting to study the limit of large C as discussed in (7.1).
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